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Methods of Estimation

There are three primary methods to estimation used in BIOS 6611/12 for
the different regression approaches explored:

@ Least Squares Estimation: our primary focus this semester where we
minimize the sum of square error

© Maximum Likelihood Estimation: an approach that maximizes the
likelihood function to derive parameter estimates and is used for linear
mixed effects models to handle correlated data

© Generalized Linear Models: an approach that ultimately provides us
with linear, logistic, Poisson, etc. regression models, often based on
maximum likelihood estimation

We will introduce these last two to begin building the framework for
extending to new regression approaches next semester.
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Maximum Likelihood Estimation

BIOS 6611 (CU Anschutz) Regression Methods of Estimation Week 15 5/14



Maximum Likelihood Estimation for Regression
Parameters

Consider the multiple linear regression model fit using a random sample of n
individuals:

Y:ﬁo—FBle—FﬁzXz—F...—Fﬁpo—Fe

The observed data for the it subject is given by
(Y,', X,'l, ceey X,'p), i = 1, 2, ey N

We will assume that the Y; are normally distributed with variance
Var(Y;) = 02 not varying with i and that the X are measured without error.

We must also assume that the n random variables Y1, Y5,...,Y, are
mutually independent.

Ultimately we wish to estimate 8 = (S0, 1, 32, ---Bp, 7).
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A Note About Our Independence Assumption for Y;

We are assuming that the n random variables Y7, Y5,

..., Y, are mutually
independent.

This allows the precise description of the joint distribution of the variables
(i.e., the likelihood function) solely on the basis of knowledge of the
separate behavior (i.e., the so-called marginal distribution) of each variable
in the set (the product of the marginal distributions).
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MLE Set-Up: Y's PDF

@ Recall, the probability density function (pdf) for the normal
distribution is £(Y|u,0?) = \/2:;7exp( 202(Y 1) )
@ In our regression framework E(Y) = Bo + B1.X1 + ... + 5o Xp

@ Noting that E(Y) = p, we can write the probability density function
for our multiple regression’s normally distributed random variable Y; as

F(YilBo, B, s Bpy 0°) = Y — (Bo+ fiXi + . + ﬁpxi,,))2)

1 1
o (72

@ This corresponds to Y|(X1, ..., Xp) ~ N(Bo + S1.X1 + ... + BpXp, 0?)
(where we have replaced p with our regression equation in

Y ~ N(u, 0?)).
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MLE Set-Up: The Likelihood Function

f(Yi|Bo, B1, -+, Bp, 72) is the probability density function for the ith
observation.

What we still need is the joint probability of Y1 = y1, Y2 =y2, ..., Yn = yn.
This is given by our likelihood of the data:
L(6|Y) :L(ﬁovﬁla ceey 5P7G2|Y)

:H F(YilBo, B, -, Bp, 0°)

i=1

:H \/% exp {72%‘2 (Yi = (Bo + B1Xis + ... + ﬁpXip))z}
i=1

1 1 —
:W exp {M Z(YI - (50 +,81X,'1 —+ ... +/6PXip))2}

i=1
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MLE Set-Up: The Log-Likelihood

Here we will use two properties of the log: (1)
log(abc) = log(a) + log(b) + log(c) and (2) log(z?) = alog(z).

Taking the (natural) log of the likelihood function makes it easier to work
with our complex expression.

Iog(L(B(Ja /81, ey ﬂpa 02|Y))

1 1 ¢
= |Og {(27[‘0‘2)"/2 exp <M ; (\/1 - ([30 + ﬁlXil + ...+ ﬂpXip))2> }

n

_-n _n a1 - . )2
== log(27) > log(c*) 252 2:1: (Yi = (Bo + BrXin + .. + BoXip))
_—n n 9 1 T

— = log(2r) ~ D o8(0%) — 55 (Y — XB) (Y - XB)
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MLE of 3

Now that we have the log-likelihood, we can take the first derivative with
respect to our parameters of interest (i.e., So, 51, ...,Bp,az), set it equal to

0, and solve for our estimates.

For 3, we will use the matrix form from the previous slide:

OLL(B,c%Y) 0

v 855Error
a8 > 98

op

This is identical to our least squares estimators! Therefore, the MLE
estimates for the 8's are the same.

(Y= XB)T(Y - XB) =

BIOS 6611 (CU Anschutz) Regression Methods of Estimation Week 15

11/14



MLE of o2

However, the ML estimator 62 of o2 results in a biased estimate:

o2 T 2\02

OLL(B,a?|Y) n < 1 ) 1
o2
Solving now for the MLE:

2 (%) = sz (Y = XB)T (Y — XB)

n6* = (Y = XB)" (Y — XB)

52 = (Y=XB)T(Y—XB) _ SSeyor _ n—p—1 (555,mr)
n n n n—p—1

We therefore see the maximum likelihood estimator of 42 is biased:

. n—p-—1
E(Uz) = (5) U%/|x # U%/\x
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MLE of o2

In ordinary least squares estimation, we had
~2 — MS _ SSError
UY|X = Error =

For our maximum likelihood estimate, we have

o _(n=p—1\ ,
OMLE = n Iy|x

. . —p—1 . . .
As n, our sample size, increases, % results in only minor differences

n—p-—1

between the OLS and MLE estimators. When sample sizes are small, there

can be larger differences in the two approaches.
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Generalized Linear Models

In our next lecture we will briefly introduce the concept of generalized linear
models (GLMs), a flexible framework for modeling a wide variety of
outcome types.
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